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We give a graph of girth 5 and valency 5 having 30 vertices. It is shown 
that this is the minimum number of vertices. Further we construct graphs of 
girth 5 and valency p (p a prime > 3) having 2pz - 2p vertices. 
I. The existence of regular graphs with given girth g and valency sz 
for any values g 3 3 and 12 > 2 has been proved by Erdijs and Sachs [2], 
and they raised the question of determining the minimum numberJ@, g) 
of vertices of such graphs. OnIy some values off@, g) are known. Espe- 
cially concerning girth g = 5 we know from ErdBs an 
n2 + 1 <f(n, 5) < 4(n - I)(f? - ?z + 1); (1) 
and Hoffman and Singleton [l] have proved that the lower bound is 
obtained only for IE = 2,3, and 7 and possibly for M = 57. Tbat is, we have 
f(2, 5) = 5, f (3, 5) = 10, f (7, 5) = 50, and, further, 
shownf(4, 5) = 19. In Section 2 we prove 
f(5, 5) = 30. (29 
The upper bound given in (1) has been improved by W. G. Brown [4]: 
who showed that 
f Cn, 5) < 2(2n - I>@ - 21, for iE > 5, 
and that to each E > 0 there exists an n(c) such that 
f(n, 5) -=c 2(1 + El 42 - 2) for 12 > M(E). 
In addition to these results we show in Section 3: 
f@, 5) G 2n(fl - 11, for primes n > 3. 
The author is indebted to the referee for several suggestions. 
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2. A graph of girth 5 and valency 5 having 30 vertices is shown 
in Figure 1, where one has to connect by an edge each vertex vi (i = 1 ,.. ., 10) 
of G, (the Petersen graph) with both vertices wi and .z2 of G, (which is a 
‘permutation graph of the Petersen graph). Compare also Robertson [5]. 
FIGURFZ 1. 
To see that 30 is best possible it suffices to show that a graph of girth 5 
and valency 5 with 28 vertices does not exist. Indeed, since the valency is 
odd, the number of vertices must be even, and by Singleton and Hoffman 
it must be greater than 26. The non-existence will be proved by contra- 
diction. In the sequel we denote by N(v) the set of neighbors of a vertex u 
and by a - w  the fact that vertices v, w  are adjacent; and a circuit of 
length Y shall be called an r-circuit. 
Assume G to be a graph of girth 5 and valency 5 and with 28 vertices. 
To each vertex v of G there exist two “opposite” vertices having distance 3 
from ZJ. We shall say that ZJ is of type A if these two vertices are non- 
adjacent and that u is of type B if they are adjacent. Let ~1~ [respectively, nB] 
denote the number of vertices of G of type A [respectively, B]. A vertex of 
type A is contained in 35 different 5-circuits, a vertex of type B in 36 
different 5-circuits. Thus the total number of different 5-circuits in G is 
$(35n, + 36n,), which implies nB = 0 mod 5. Then, because of 
IZ~ + nB = 28, we have nA > 0 (indeed nA >, 3). 
Now let u1 be a vertex of type A. 
CASE 1. The opposite vertices v2, va of z)~ have distance 3 from each 
other. Then, for any of the three vertices vi (i = 1,2, 3) the two other 
A SMALLEST GRAPH OF GIRTH 5 AND VALENCY 5 205 
vertices are the opposite vertices. N(v,), N(u,), and N(uJ are disjoint an 
any vertex of N(vi) has just one neighbor in iV(z+) and one neighbor in 
N(u~) (i + j i k # i): indeed at least one, otherwise for one of the 
vertices zji there would exist more than two vertices with distance 3, yet 
not more than one, otherwise we would have a 4-circuit. Then each of the 
remaining ten vertices has exactly one neighbor in every set N(a& 
therefore the remaining vertices span a regular subgraph c’ of valency 2. 
Since 6’ has girth 3 5, 6’ is a circuit C,, or the disjoint union of two 
circuits C6 . 
CASE 1.1. G’ = C5 U C, . Let a, ,..., a5 and bp ,..*, b, be the cydicdly 
labeled vertices of the two circuits C, and let be x, , x2 ,I.., x6 the sequence 
of vertices of a simple path or circuit in the subgr spanned by 
N(v,> u N(vJ u N(zQ. Such a sequence exists since the th of circuits 
in this subgraph is = 0 mod 3 and naturally 2 5, Each vertex xi has just 
one neighbor in both circuits of G’. Let X, be adjacent to ar and to b1 _ 
a is adjacent to a3 or Q and to 6, or 6, S say to a, and b, . Now x2 
adjacent to as and likewise to b, ) since x3 - a, would yield a 
4-circuit a1 - x1 - x, - x, - a, . In the same way we conclude that xc 
is adjacent to a2 and b, ) x5 to cl, and b, , and finally x6 to al and b, . Yet 
then we get a 4-circuit x1 - a, - x6 - b, - x1 and so Case 11.4 is not 
ossible. 
k?AsE 1.2. 6’ = C,, . Let a, , a2 ,.,., a,, be the vertices of G’ cyclically 
labeled. Eaell vertex of N(v,) u N(Q) u N(vJ has two neighbors in G 
which must have distance 3 3 from each other in 6’. y E A+() be 
adjacent to a, a’ of G’. Likewise both neighbors of y in J and N(qJ 
irs of neighbors in G’ and each vertex of these pairs must have 
> 2 from a and a’. It is easy to check that two such pairs exist 
only when a, a’ are opposite vertices of 6’ (i.e., vertices of distance 5). 
We note the result: If aj is one neighbor in 6’ of a vertex of 
N(a,) u N(v,) u N(Q), then aj+, (index modulo 10) is the second ~eigbbo~. 
Now, as in Case 1.1, we consider a simple path or circuit x1 - x2 - * I) ~ - x6 
in N(vJ w  N(v,) u N(Q). Let x1 be adjacent to 4 and CI, . Then the 
adjacent pair of xz is a3, a, or a, 9 a,, say a,, a, . Now the adjacent 
of x3 is a5 , al,, since a, - x, N a, would yield a 4-circuit. Likewise we 
conclude a7 - x4 - a2 , a, - x5 - a&, and finally a, - x6 - a6 . Yet 
now we have the 4-circuit a, - x6 - a6 - xl - a, and so Case 1.2 
is out. 
CASE 2. u2 and v, have a common neighbor x0. Each vertex of 
N(Q) u N(Q) has exactly one neighbor in N(v,); conversely there is one 
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vertex x1 in N(uI) having in N(v,) u IV($) only x,, as neighbor while each 
other vertex in N(vJ has exactly one neighbor in N(Q) and another in 
N(v& different from x,, . Let G’ be the subgraph induced by the remaining 
11 vertices. x1 is adjacent to three vertices of G’, while the other vertices of 
iv(q) have in G’ two neighbors each. Therefore, since vertices of N(q) 
cannot have common neighbors in G’, each vertex of G’ has exactly one 
neighbor in N(q). Let a, and a, be the neighbors of x0 in G’. They have 
distance 3 3 in G’ and since they cannot have a further neighbor in 
N(v,) u N(IIJ they are of degree 3 in G’. Let bI , b, , b, be the neighbors of 
x1 in G’. These vertices have in G’ pairwise distance >, 3, distance from a, 
and a2 at least 2, and degree at least 2. Moreover each vertex of N(u,)\(x,) 
has at most one neighbor in N(v~\(x,} ( an vice versa) and thus at least d 
two neighbors in G’, whereupon G’ contains at most 13 edges. These 
facts imply that G’ has the shape shown in Figure 2 possibly minus the 
edge c1 - I+, . 
FIGURE 2. 
CASE 2.1. G’ is the full graph of Figure 2. This is the case if each 
vertex of N(u,)\{x,} has a neighbor in N(u,)\(x,) (and vice versa). Then each 
vertex of N(vJ U N(v2) u N(u3)\{ x0 , x1} has exactly two neighbors in G 
and these two vertices have distance Z 3 from each other. We look for 
such pairs (x, y) of vertices x and y in G’ noting that 
(a) a, and a2 belong to just one pair each, 
@I c1 , c5 (and b, , b, , &) belong to just two pairs each, and 
(c) to each pair there exist two disjoint pairs all of whose 4 vertices 
have distance > 2 (in G) from the first pair (since any vertex of 
w-4 ” Nf4 ” W%)\kl 3 x1} has two neighbors in the same set). 
To c1 there are only b, and cg at distance > 3 and likewise to c5 only b, 
and c, , so by (b) we must have the pairs (b, , cl), (cl , cJ, (c~ , c5), and 
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(& ) cs). Looking at (b3 , cJ we must have by (c) two disjoint pairs at 
distance 3 2 from c1 and b,: these can only be (a, , c2) and (b, ) c4). 13y the 
same conclusion looking at (b2 , cJ we get the pairs (aI , cs) an 
(the latter exists already) and looking at (b, , e get (a, ) c4) and (b, , c& 
Now we have already two pairs (a, , c,J I , cd) containing a, in 
contradiction to (a). 
C~sa 2.2. The case that G’ is the graph of Figure 2 minus the edge 
c1 ,- cg can be ruled out in a similar manner. In that case there is one 
vertex xa in N(v,) and another x3 in A@,) each having three neighbors in G’, 
while al1 other vertices of N(q) v N(v,) w  N(u,)\(x, , x1> have two 
neighbors in G’. Let y1 be the vertex of N(vI)\(xl> adjacent to X* . NQW we 
must have 
(a) a pair of vertices in G’ at distance > 3 as neigh 
@I a triple of vertices in G’ at pairwise distance 3 3 and at distance 
> 2 from the first pair, as neighbors of X, , and 
(c) at least two further vertices at pairwise distance > 3, disjoint 40 
the triple in (b) and at distance-2 2 from the first pair, as neighbors oft 
vertex in N(u,) adjacent to y1 . 
In view of the symmetry of G’ there are only two essential different 
possibilities for the neighbors of JJ~: a, , c4 or c1 , cj , Yet in either case 
it is impossible to find vertices satisfying (b) and (c). This completes the 
prQQf. 
3. To prove (3) we take a circuit C,, on p2 vertices and a set B of 
vertices bij (i = I,..., p; j = O,...,p - 3). We l&e1 the vertices of C,Z ) 
al 9 a2 2.-s a,2 according to their cyclical order. If k = unp + n (0 < B < p) 
then we connect ak and bi+,j by an edge (where j = ,**.,p - 3 and the 
index of b has to be taken modulo p). Obviously each vertex aK has p -- 2 
neighbors in B and so totally p neighbors. Likewise bC has p neighbors in 
C,S since n + mj = i modp has just p solutions m, n within 0 < n < p 
and 0 < ~72 < p. Thus the graph is regular of valency p. To see that the 
graph has girth 5 we note that 
(i) for given different pairs m, YI and an’, E there is at most one value of 
ng n + mj 3 n’ + m’j modp and 0 < j < p - 3 and therefore 
ag have at most one neighbor in B in common, 
(ii) the minimum distance in C;,Z of neighbors sf ej,j E isp -j and 
thus > 3. 
208 WEGNER 
REFERENCES 
1. A. J. HOFFMAN AND R. R. SINGLETON, On Moore graphs with diameters 2 and 3, 
IBM J. Res. Develop. 4 (1960), 497-504. 
2. P. ERD& AND H. SACHS, Regukire Graphen gegebener Taillenweite mit minimaler 
Knotenzahl, Wiss. Z, Martin-Luther-Univ. Halle- Wittenberg 12 (1963), 251-258. 
3. N. ROBERTSON, The smallest graph of girth 5 and valency 4, Bull. Amer. Math. Sot. 
70 (1964), 824-825. 
4. W. G. BROWN, On the non-existence of a type of regular graphs of girth 5, Canad. 
J. Math. 19 (1967), 644-648. 
5. N. ROBERTSON, Ph.D. Thesis, University of Waterloo, Waterloo, Canada, 1969. 
